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ESTIMATING NORMAL MIXTURE PARAMETCRS FROM THE
DISTRIBUTION OF A REDUCED FEATURE VECTOR

L. F. Guseman, Jr., B. C. Peters, Jr., and Manot Swasdee

1. INTRODUCTION

m
Let X be a random n-vector with density function f(x) = § aifi(x) "
i=1

where a, >0, J a, =1 and fﬂx)=NUi,H.Ei),tMrhuHam

normal density with mean " and covariance matrix Zi . Let B be a

real kxn matrix of rank k and let Y = BX. We are interested in

estimating some or all of the parameters Ais Wy Xi from information

m
about the distribution of Y. The density for Y is p(y) = § a1p1(y)
i=1

where pi(y) = N(y, B‘ﬁ’ BziBT) . We will actually estimate the non-

central second moments Si = E{xlei} rather than the covariance matrices.
Let {xi}?=] be a sample of independent observations of X and

let us assume for the moment that the a; as well as the transformed

parameters B‘H and 8}218T are known. Define estimates ﬂi, S1 of

W and S1 as

N p;(y;)
.3 i
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n N p;(y,)
e - 1v¢ i T
where y; = ij sy J=1,...,N,
Then:
- . _ pi(BX)
(2a) My = E{ui} = E -E-(B_X) X
- ~ p.i(BX) Tf
(2b) S, = E{8,} = El STBRT X
. : ol < e gl : o
Note that Biy = By, , BS;B’ = BS.B' . The biases of fi and §i ,

as measured in arbitrary norms, satisfy

(3a) w512 < t}(p;g:i - f}ii;)zi E |]x||2t
TN e
s [f 4 e e

If we define the overall bias by

Bl

bias?

m - 2 - 2
Bt i - i+ 11s, - 511°]
then

(4) bias?

LA

K[H - HB]



where
= E00]x]]°T o+ 1Y
m 2f (x)2
(5) H= JE 1 ‘ , and
i=1 f(x)
m (alp,(8,)
(6)  Hy= JE{——— f
i=1 p{Bx)

The expression H (or HB) has been discussed by Devijver [1] as a measure

of the separation of the m pattern classes. H 1i$ related to the

Bayes probability of correct classification, PCC, by the inequalities

=l /mE-1 g

1
(7) H < PCC g —

Thus the quality of the estimate is related to the discriminatory power
lost in the transformation Y = BX , as measured by the difference

H - HB . The following theorem is proved in Appendix A.

~

Theorem: If PCC = PCCB then H = HB and the estimators ﬁi R Si

are unbiased,

2. APPLICATIONS

~

Even if the estimators ii S; are biased 1t is possible that

they may be near enough to the true parameters that the locally contractive

successive substitutions procedure UHMLE described in [4] will find the



maximum likelihood estimates in very few iterations. There is some
evidence that most of the information required to discriminate among
agricultural classes (at least between wheat and non-wheat) lies in a
fixed two dimensional subspace of 4-channel LANDSAT data space, [2],
[5]. Thus there may be a good a priori choice of B , namely one whose
rows span this two dimensional subspace.

Once B 1is chosen, the transformed densities pi(y) and the o,

may be estimated by maximum 1ikelihood. Whether this task is more or

less difficult than estimating the untransformed class densities fi(x)

directly depends primarily on how well B preserves the separation of

the classes. Then, given the estimates of o and pi(y) 3 ﬁi and
ﬁi can be calculated and used as starting values for UHMLE in
estimeting o, , ui , and Ei . Figure 1 gives a flow diagram for the

1

procedure.
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3. RESULTS

A FORTRAN program (ESTMIX)} for dmplementing the procedure outlined
in Section 2 has been written and tested at Texas A&M University. Data
used was obtained from the simulated LACIE segments 1851-1854 derived
from Hill County statistics for ten agricultural subclasses [3], and
appears in Appendix B. The measurements’ xj consisted of 1000 vectors
randomly chosen from segment 1851 representing subclasses 1, 3, 5, 7,
and 10 (herein referred to as subclasses 1-5) in equal proportions.

In the first experiment, the vectors xj are 4-vectors from pass
3. In each rin, starting values for the means and covariances are those
for the same subclasses in each of the four segments 1851-1854, pass 3.
The matrix B is either a 1x4 matrix BC computed from the input

means and covariances using LFSPMC (Version 2) or the 2x4 matrix

43268  .63248  .58572  .26414

-.28972 -.56199 .59953  .45070

which was derived from physical considerations by R. Kauth [2,5]. The
computed 1%4 B's are given in Appendix B.

In the second experimeht, the vectors X are 16 channel measure-

ments, the starting means are from one of the four segments, and the
starting covariances are block diagonal matrices with the 4x4 covariance
matrix from each pass placed in the appropriate position on the diagonal.

That is, the 16 channel starting covariances were constructed as if



there were no correlation between separate passes. The matrix B 1s

either a 1x16 matrix B » computed from the input parameters using

LFSPMC, or

8x16

where BK is the 2x4 matrix used in the first experiment. The

computed 1x16 B's are given in Appendix B. The hiases obtained for

each of the above runs are listed in Figure 2.

U F ol RO N



Feature 2

Selection Data Set Pias
Used Used ) O(MLE)
1851 1691.46 4.70
LFSPMC 1852 2648.44 736.78
x4 B's 1853 6779.11  12422.55
(Pass 3) 1854 6757.28  12369.87
1851 62.19 5,73
Kauth 1852 66.62 6.64
2x4 1853 66.20 6.69
(Pass 3) 1854 67.10 6.88
1851 1898, 90 138,33
LFSPHC 1852 4734,30 138.33
116 1853 11195.32  13491.70
{4 Passes) 1854 4870.29 138.33
1851 117.92 138,33
Blocked 1852 117.92 138.33
Kauth 1853 21594.70  21387.61
8 16 1854 117.92 138.33
(4 Passes)

Figure 2. Biases For Runs
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PROOF OF THEOREM

That H = HB when PCC » PCCB follows from

h pec = pee, then TL g fil) -
Theorem: If = PCCy  then SEx) © F R for i =1,...,m.

Proof: Let C be an {n-k) x n matrix such that (%J is nonsingular.
Let y =Bx, z = Cx and write fi as a joint density fi(y,z) , 50

that p.{y) = [ kfity,z)dz :
RN-

Then,
m »
PCC = ] a.fff.(y,z)dydz
i=1 'R, !
and

m
PCCy = iz1a1£{(3)fi(y'z)d2dy .

where R; = {(y,z)|aifi(y,z) > aifj(y,z) foy each j # i} and
R;(B) = {(y,z)]a;p.(y) > ajpj(y) for each j # i} .
Since PCC = PCCB s

o;p;(¥) > a;psly) for each j # 1 iff a;f.(y,2) > o,f

J 3

Now , fi(y,z) can be written as

f.(y,2) = p;(¥)a;(zly) |

(y,z) for each j # i



n

where the conditional density qi(zly) is normal with mean

| P, (% . T Tias.aT) oy o7
Cy; + Cz;B (BZ;B')” (y-Bw) and covariance Cz,C' - Cz;B (Bz;B')” BL,C
Assuming first that aipi(y) b ajpj(y) for each j # i , we have

a;(zly) aipj(y)
a;(zpyT 7 &p; )

for each z, j # i

This inequality implies that
cov{z|y,i) > cov(z]y,j) for each j .
Since cov(z|y,j) 1is independent of y , all the covariances

T
CEjC

T Ty=1 T
- Cz.B'(Bz. .
chB .BzJB ) Bch
are equal. This in turn implies that t': means

T, T‘I'
.+ CL.B {BL. -B.
Cuy + €2 BT(z 8T) (y-B))

are equal. Hence, qi(zly) = q(z|y) is independent of i . It follows

that

p;(y)  fily,2)
oly] ~ "fly,2z)

for all y,z . QED.

Remark: Fron the proof of the theorem, it follows that
T Ty-1
I; - I;B (Bz;B")" BI;

W - ziBT(BZiBT)' By



and
£.87(Bz,87)""
i i
are all independent of i . It can be shown that PCC = PCC

and vnly if this condition holds.

B

if.

12
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1851

-0,206965

1852

-0, 085406
=0,215696
~0.425490

1853

-0.075274
-0,138605
=0,214246

1854

-0,073043
=-0,201572
-0.431287

0.354845
0.349954
0.219549
0.288661

0.293773
0.347254
0.226417
0.305334

0.282277
0.371507
0.227860
0.295570

0.275001
0.356312
0.221260
0.312728

0.169794
0,191296
0.311299
0.,178790

0,142224
0.191208
0.319528
0.187362

0,135977
0,203%038
0.323095
0.183850

0.132555
0.203318
0.311475
0.192507

-0,092728
0,007083
0.382855
0.204539

-Oo07‘1233
0.008994
0.394695
0.215776

-0.074587
0.007567
0.397893
0.20983%6

-0.072766
0.004111
0.394503
0,221597

B-Vectors (1x16) Obtained From Feature Selection

14



1851, TASS 3

0,425418

-0,177865

1852, I'ASS 3

0,460793

-0,185813

1853, TASS 3

0.385670

-0,161554

1854, PASS 3

0.423826

0.710975

0.696812

0.734818

0.711105

0.530941

0.517378

0.534042

0.532061

B-Vectors (1x4) Obtained From Feature Selection

15



COVARIANCE MATRIX FOR CLASS 1

PASS 1

D« 500800
DeH547137%0
Dsa41000
0«511400

PASS 2

0.83311%0
1¢1197100
Dedl1NnN0
=-0s070510N

PASS 3

169665699
2¢ 5447300
NeS54870N
=0,895R800

PASS a

30122800
4,337459
Qe ?6T7a4N0
-1 430£99

MEAN VECTOR

204810287
19. 403062
164ABRGGS
16753992

Deta7300
14826990
NDe 548200
Qe 963600

lell10100
24 G7H299
0218700
-0e 602200

2e644300
44385799
NeB2R30N
=1.5C1300

4, 3074095
6e FRRA9GG
1 521399
24182500

FOR CLASS

£2e04H34G7
19« 2AR78A
15.CrA100
15236169

Ded4a1000
0+948209
1+ 3457300
1202109

Ne 311000
Ne 218700
1e £22299
1610399

0e%5487N0N
NeB2A3NND
1«24R699
De 826700

DeGETANO
1e52139%
1220009
Ned€4a100

23706894
264 1226GAH
2640941913
254591492

Segment 1851--Class Statistics

DeS11400
Ne 963600
1202100
1«.8210900

=NeNO0S1900
-0es602200
1610399
24895099

-0 855800
=-1¢€01300
0. 826700
2e 594300

=-1«430639
-2¢18B2500
NDea5a4100
2«491199

224901794
2Fea973192
30.92R5A9
294169586
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COVARIANCE MATRIX FOR CLASS 2

PASS 1

0e 383500
Cel 75800
NelSlacno
el S290C

PASS 2

D«475900
Nel198900
0109200
04053700

PASS 13

N0«.834600
Ne 756300
0el1030C07
fel133500

PASS &

De2420N
=1el1326N"
~0e15G%IAN

24876700

Cel7e800
0s.238500
NelBSCOC
fe 260100

Nel19B9NO
fe 660020
0. 0CAK0C
-0es 141400

Qe 756300
1639169
NeC27400
fe 224700

=14132600
12« 094800
leB15459

- 21.45599a

MEAN VECTOR FOKR CLASS

19121 7994
21e427774
224308990
21402288PR

Segment 1851--Class Statistics (Cont.)

eCe BART G2
ce 56298A
€% 27199
224207493

2

Oe 151400
CelBS5002
De®ka 2109
NedAl 707

Oellf920"
DeNCaAaEN"
1629700
2162700

NelC3CON
NgN2240C"N
CeB6ESIND
Ne51810N

=-Nel16990N
1815499
13675993
=20237702

19, 7C9209N
23.27230%
25 740507
220212585

0«1 529920
Ce260100
CesaRn1 700
0s724520

Na 033700
=Cesl41400
2¢162700
3. 690800

Cs 1 39500
Ne224790
N«518100
Ce 774900

24476700
=214455994
-2 237700
41.762934

18273650
21638815
P4e 694137
22« 555496



COVAR] ANCE MATRIX FOR CLASS 1

PASS 1

14229699
1s82a4170
1«18RANN
1«159100

PASS 2

1418500
159847300
1e124200
09

PASS 13

44774400
Be58BN25S
De 799700
-2+18115¢%

PASS a

31268999
4,21CH%%
1e372000
Os346100C

le42a]1nn
2e¢ 8215C0
2:070200
240682199

1le 598300
24904300
1¢ 3971300
Ne O

Be SHC299
16 995987
1e 362599
=Ge 747299

a4, 21CEBJI9
Fe 220400
16674500
Nel3ES5N0

MEAN VFCTOR FOR CLASS

214925665
224217752
2lela4r593
164520290

Segment 1851--Class Statistics (Cont.)

284 STCBR3S
2644 £608 32
2l E7N1 47
13. S8SH99

1188009
2070209
2413799
2158769

l1el24200
17971300
ieS52000N
Ne0

Ne795200
1le 362599
1e¢202999
Ne594R0D

1e3720920
1e€74500
248517329
2¢ BINEQGH

230612598
28 ¢ ESABAR”
29« NG4NAS
30«154 2AH

1«159100
2:.N6E4199
¢ 15A799
2et4H100

040
Ne
De?
(s 4]

-2+181199
-8e74N299
De 5G4R00
1, 759299

De 345100
Oe1 35500
24437599
4,445200

21.8G69Ga
22, 187500
20e 9A74RA
ACe1 37497

18



COVARIANCE MATRIX FOR CLASS 4

PASS 1

0«513N00N
Ce5a2690
ODeazi7oc
D 37540

PASS 2

0eB926N0
De 566400
Oe71030C
046529600

PASS 3

0e%515K100
Ned64300
0e3751300
Dean2230

PASS 4

Oe 3457300
1e 243259
=-0«082000
-0e.812100

MEAN VECTOR

2Ne 25LHGE
2Ce 875562
194757 599
20797552

Ne ®42602
leltNanod
Ce 565600
Ce 435100

Ne S66400
1 N25900
NebacCann
0s 6NBINO

Ced4h4300
1020700
Ng 257000
Ce 438200

1243299
2e¢ 725500
=0e+4N7800
14601500

FOR CLASS 4

2”7« CHR 1496
224 595897
cle 715750
22738391

Ced2170N
De5A5600
Ce 7¢ 5409
Nea72800

T7¢710300
De4anNanNn
le 31513739
1e2HBECD

Ne 375709
Ne3S5CNNN
Ce 57870
e B26N00

-NgOR2N00
-Ned07RNN
rfre871100
1043639

2le6M%192
234177887
21 59697
22e 746689

Segment 1851--Class Statistics (Cont.)

Ce 373400
Cea 35110
Oea 72800
Ce 761400

De 529€00
De s NAINN
le 248600
20121599

CeanN2200
Neda 33200
NsBR2ECTO
1292100

-0eA12100
=1¢901570
leC 43699
24817569

206 473€%a
22¢1%34R8
21e2Mr6NBS5
20846497



COVAR] ANCE MATKIX FOR CLASS S

PASS 1

NeT7a5AN00
Ce6N310P
fed14200
NeS52440nN

PASS 2

NDedaKON0
De29240N
O0e39232CHN
De.218300

PASS 3

fe514500
Ce294507
0.034700C
0.078300

PASS a

1.388200
14515899
Oel62700
-Ne334R0C

MEAN VFCTNR

191575 #
193761930
19e0B8BaAKHAS
19118165

Segment 1851--Class Statistics (Cont.)

NeN3100
1« 247600
Ne 414300
NeS57CHON

Ce 29240CN
Cea 771500
Qe 398300
0e 351900

Oe 294500
NeB7GN0
Nel 76100
Oe 205100

1¢515800
2e IDEGLSS
NeN24100
-“NgB27700C

FORP CLASS

1He E221 62
18, 482292
17927689
17« 4aN1A8BHK

Nedalaing
Nedalalinn
NeB1~A100
Ne72RAG00

Ne 263200
Ne IGAIND
1¢C57099
CeS510200

DeN2a707
Nel75100
NeS13100
Ne IGE/RON

Cel62700
CeN24102
Ne 534100
NDes85N200

20 CCOENDN
214777100
22¢531183

22 T1GE9%

feS5264400
De 570600
0e 728209
1« 324100

Ce218300
Ne 351900
0s510200
0507800

0«."CS300
0. 206100
0e 3956N0
D.907800

=-0e TG4AR00
-0s6277930
Ne RBN2NN
le 918400

1Ge 719992
21e 47C G596
23¢516G6ARG
23.00C07"N0

20



COVARTANCF

PASS 1

1055800
1e126800
0Ce753R800
NeB81#%00

PASS 2

0s90870N
1.20949%
Ne338HON
=040N05600

PASS 3

2148000
2e 841 360G
CeS5839200
=Ne 961400

PASS &

3.296N000
49637799
1«02000N
=1507939

MATHIX FOR CLASS 1

lelchB00
2e 858669
125299
1« £€43R800

1e2r9499
3e 2411099
Ne23R0NN
“0e 654900

ce P41 3G9
4, TC7199
fe BBBRSCO
=] e 60GS5CNH

by €37799
Te36E10P
1« 6C2500
-2429H8699

MEAN VECTOF FNR CLASS

°6e 93256G7
203K *R42
17 1831397
172585R5

29 NASKHN7D
eCe 191096
15, 605399
15 683399

Ne 7€ 380N
1 625299
2e2G40N00
20040199

0e33RBN0
Ce238000
1765499
le 751599

CeSBES927N
Ce 3EAS0ON
1«328€£99
fe ARS 70N

1¢022300n
1e672509
1e 290499
Ded4BB7ND

Ve E7HAGD
2T 294677
27«NE3299
262927287

Segment 1852--Class Statistics

CeBRALBLY
1643800
2«C2N199
e CEINGY

=N ONSHN0
=0e 5549300
1 751599
3. 1481170

=0es 961400
=1¢5C35%500
0.885700
2+ BRSNG9

=1e5C79393
-2 2%RKQ9
Ny ERTO0
2¢622199

2G.618CAH"
24« 14138A
321721698
29938757

21



COVARANCFE MATR [x FOR CLASS 2

PASS 1

Qe574500
Ce3N7AOND
Ce262200
Ce263%0C

PASS 2

NeS519100
Ce216700
Dell150N0
Ds025£500

PASS 13

0897900
NeB12720C
CellChOC
Cela370n

PASS a

De 65RHNN
-1e194a500
=0el179200

2eH1NaA9G

Ne 307H0N0
1s 848200
fes 317100
NeaaArn

Ne 216770
Ne 718370
NeONSOECN
=fe 1953ACOH

0eB12709
17592369
Ne 031500
0e240900

=1 154507
12745799
1e 912907

= 2249597595

MEAN VECTOR FOR CLASS

2845PR6R5
22+4T£F£RCAH
22e21 74499
2le 557495

Segment 1852--Class Statistics (Cont.)

Z6e &l 165h
sUqy ESCG QT
26 247°C AR
22.R4)2R6

De2e2200
Ne317100
1eN54839
0es817AN0

Nellannn
Ne NCEANN
1e7RA49G
20 3527307

0e 112600
NeN3150"
De S276N0
FCeS5H5100

=Ne1 79200
1912700
1440509

=-2:2562%9

254456085
26 e2790N0¢C
264272884
22.FP2413R27

0 261500
Ns44TR0N
Ne A1 7600
12213900

0. 058500
=0s153800
2¢ 252300
4e011900

Nel1 439700
Ce 240900
0.5%%100
0829820

2610499
-??.597%95
-2¢356299
43, 95916¢8

23+5118R7
22457G7AA
25570456
23153091



COVARIANCE MATE X FOR CLASS 23

PASS 1

2¢1€3029 2e479109
2479199 a4, 851199
249257507 3,548200
15998079 3e 528700
PASS 2

leS547199 1« 741400
1« 7414900 3. 160600
le2247G69 le 520599
0e 95850 1115299
PASS 1

Se135212C Ge 21GHYS
Qe 219896 1 241699
0958099 le 461599

=2:3411N00 -S54 NB1ACD

PASS &

3. 450399
a,841900
ledanr%s 39
NeIK4T700

Agd44a100n
6He 555200
1e TE4A299
Nel14a37n0

MEAN VECTOR FOE CLASS

2BsANAKKT e AIAL 97
214302185 25 79513195
22:0NG7CH 22 71 44G1
17.0112973 13, 58920nN

Segment 1852--Class Statistics (Cont.)

2057500
Je 548109
4sl1434ann
Je Q0NN

12224799
1820599
1e6%4200
fe91C50"

Ce 858000
14461599
1¢285709
De 7444N0

148466099
1764299
3.0N2693
1,042799

1Te 553192
259754994
J0e 15%G2A
I10e 97558458

1« 9989909
3528700
W 6EADND
4473700

0e 958500
1115299
Cse 210500
1«.1A59C0

-2+ 341100
-S5«0R1A0C
De 744400
4,N25499

ND:s364700
Ne143700
3.Ca*799
4,6 3200

28y 316086
24e1724297
12.NnA2536
I5.N614591

23



COVARTANCE MATRIX FOR CLASS &

PASS 1

19783
De94arnn
Ce 730300
Ne 652301

PASS 2

CaST36CO
0517109
Ce77393IN0
0,6B5500C

PASS 3

feh62BNN
Jed58G609
Dean 3100
fed 314507

PASS 4

leN020N0F
1311299
=Ne0BEADN
-NeAB55390"

MEAN VECTUFR

cte2CRE6ES54
21901199
2Ne5711%A
21425665

Segment 1852--Class Statistics (Cont.)

Ne 944600
2031799
Ne 95400
Qe 742300

NeS17100
1116400
Ne 69T7CNO0
Ne 662300

Oe 698900
1. 095500
NeITEEND
Ded6ST70N

1311269
2.8733C0
=e 429400
=2 002700

FOR CLASS

cMe BRE296
23. 642085
£le 550489
23 43K0656

Ne7201%700
De 9¢ 94NN
14375309
NeBN2500

Ce 771500
Neg6Q700N
1e514299
1.4C1500

Ne4C210N0
NeI755AN
106799
N«ARESCCO

-Ng CRELDD
=" ed2960N
NeQ@ 7700
1« 099007

2T eSl1E935
284 222397
22¢4928B87%
22859190

D~ 52300
Ne 7427300
DeBN2%00
1:.2RA200

Ds0A5500
Derss2300
1401500
2¢ INK199

Des4 71500
NadBITHN
O.HAB5NN0
1 233539

=0y 355909
=2+70270N0
1299000
2¢ 665799

eBeB 6227965
23.11635a
219610785
21¢ 399689



COVARTANCE MATHRIX FOR CLASS S

PASS |

1«%117089
1.74899¢%
Ra71 7500
0.903600

PASS 2

Ne4BASNN
Ce31AEON
Ced2824n0
Ce237700

PASS 2

reS553£00
ODedl Barm
NeN3T710A~
eNOS5HO0C

PASS &

1:4651 99
16 59R72N
Nel 71500
=Nsd1610"

MEAN VECTOR

244 7TRAT7GF
eNe 334970
1G. 877197
19 7TO0KGS

Segment 1852--Class Statistics (Cont.)

1. 0455 5%
2e146400
Ce 710200
NDe9734C0

Ds 31860C
Ce PIGHOD
Dea33400
Ne 3R2700

NDe31€400
Ne 538000
Nea 186970
Ne 221000

14596700
2e 847227C9
fe25%a400
“0es E6110N

FOR CLASS

4, 01 ANGH
19351288
1B, 630N96E
174906494

0e?17609
0e710200
143€15600
1.237100

Neta2R4a0nN
Neqg*240>0
1¢1507399
NeS55500n

Ns03730C
Ne 1BBYNN
feS5E0179
De 423600

Cel71€70
CeNPK40 ,
Ce9HANON
0eBT4200

2He W57HAH
22761093
23e 3640097
23el44aAGa

Ce 03900
0s973400
1237100
202356799

0237700
Ne 382700
Ce 5550920
e SA8KAR00

Qe CN5600
fe221000
Ne 423900
0972100

-Nsa16100
=Ce 561100
Ne R74200
2091299

L0eSE2TG9
22s414200
244 355285
231.603085%



COVARTANCE MATEIXx FOR CLASS 1

PASS 1

1220659
1302200
Qe BBNADOO
1.7147%9

PASS 2

0¢931300
1238699
Ce347NON
=-0s2057Nn0

PASS 3

2¢341007%
3092299
Cenhaline
=-1045600

PASS a

3. 7703CP
S5¢2972G00
141639
=-]le718BBCN

MEAN VECTOF

791565
284347338
15501785
1He 7895¢7

1« 3)0200
P«£13819
18706500
1« 890100

14238969
Je 319290
Ce2437TN0
«“Ce670500

34092269
S¢115499
Qe 965A4N0C
-lea 7TATRY9

Se¢273600
He THQMGCQ
teB2490C
=-2e 6514799

FOR CLASS

33, 245245
cle €1 3495
17, 25€4 B85S
1be955¢ 88

BE0r00
»AT70500
Leb2E0N0
20 JA2) 99

Ce?a70Nn0
Ne2427Nn"
1.8C 77309
1792709

Ne641 300
Ce9ESEND
1e854500
Te9¢19019

1el1632699
1424900
14562199
CeH55500

Jae 2273495
?3e451564
2B s P52 1945
284130588

Segment 1853--Class Statistics

1714799
1890100
2e 382199
3578900

-CeNOS700
-0 6Tr510
1792700
3e 221499

=1« 45600
=1+s7478R99
Ce 61900
.121000

-1«718800
-~2¢H14736
0. £ 55500
2977799

2107791
294315788
T3,£T74500
21e 9F25K5

26



COVARIANCE MATE IX FOR CLASS 2

PASS 1

Ce7733CCH
Ce 355200
Ne 30721C0
Oe 3N3400

PASS 2

0¢53199n
De222Nn00
Oel219N0C
Ce 059500

PASS 3

Qe 37BAK90
CeBBASNN
Del2N4nD
Nel62PNN

PASS a

Qe 753700
=-1¢363500
-Aeg2N4anr

2e 3751300

Ce .55200
le 66Fa0C
Ne 364900
fe 510300

fie 222C0C
Ce 735600
Ne0ONELON
«“Ce 157400

Ce BBASND
1-9120Cn
De034320
Re 261670

=1e 36350C0C
14,8517799
cal1T77676
- 25 T00790

MEAN VFCTOR FOR CLASS

£9e3842973
cbe5bFILS
2558711439
?23.48B1567

e 37K55A7
286 125595
cHe 346190
84 S93RA7

Ne 302100
Ne3ba9nn
1e2%8209
NeSIATON

Nel121%900
QeP5190
16826099
ZeAC Ta99

RQel224a0"
OelC 34300
1.£0A8100
feB02800

-Ce20440n
24177699
1£39299

~246TR4GI

ERe H2TERE
25410 3RS
2B.738B7813
24,4H11A85

Ce303400
0e 510300
Ne 337920
1« 4C 3799

0e N59G00
=0el1 57400
2e 0 T499
4,105399

Oe162R00
Ne 261 €00
D.6C2800
Ne 307500

24975300
-25, 700790
-2« £73499
4G.9210937

275%.557%~AR
23, 694NT795
260951995
244731293

Segment 1853--Class Statistics (Cont.)



COVAR [ANCE MATE IX FNe CLASS 1

PASS 1

2468599
2¢860K07
2e 37N 10Q
24299869

PASS 2

1585600
1783899
1e2%0499
Ne IB1A0C

PASS 1

54597699
1002 1996
Ce933KCC
~24546109

PASS &

Je 46899

54N693NN
1657499
Ned1 570N

2¢8606C0
Se 6NINDO
4. 787599
4,057200

le 78IRG9
Je 236599
lea 55AH99
1« 141790

1C. 033969
19 B2a4097
le 548499
-5« 518800

Se 0633C0O
Ted66599
2,00LU569
Ne 163500

MEAN VFCTOR FNDR CLASS

23,331 5AG
2Teal2) 57T
clqe32¢ 185
1845140973

Segment 1853--Class Statistics (Cont.)

T L 1GH198
cTe 2842 BE
284 657496
15147599

237013199
4 NB2599
Qe TEHRNAN
442NFA99

le25440%
155568139
1553399
NeQ2190N

Ne S33ANN
15084979
1.4016N07
0eBNRAON

1557499
2008599
Jea2780N"
1. 455599

140751492
271271394
32400C 393
23,176193

24299899
4, 0571300
4, 20K499
S«121100

Ne 981500
1l¢141700
Cea931909
1«21 3599

=-2«%46100
=5¢518A800
NeAOBA0O
4, IARREND

Ced15709
e 163500
1455999
Se 318299

ANe 712891
256224097
13, 737931
3B, 487356



COVARTANCE MATEIX FOR CLASS &

PASS 1

1245500
179699%
DsA41200
De.7508NC

PaASS 2

Ne 99T7HOND
Ne 632270
Re 792700
0e702000°

PASS 1

Cea72230"
CeH429C0

Oes38700
Ce0694N0

PASS 4

1186199
144967699

=NeFIBENN
=06 775500

MEAN VECTOR

71716689
c6eN03IAG3
22s 424453
23e235€32

1« NHGGCG
2e 148164
1115700
Ne B52500

Dek 3220N
le 142299
Ue 713500
Na 678000

Ne B0 290NN
16190499
Ce 4" B10N
Ce 510100

14496799
3e272699
-0e 440100
-2e277699

FOk CLASS

I2e 6RI1 91
€5 1105787
24.50C791
£5 229797

Ne 841200
11157990
14499900
DeG21400

Ce79270N
N0e713&00
1550099
1e4244n00

0ed3R7NO
Neda0B1IND
1115999
Ce9€¢110N

=NeNGAAON
=R e499109
leCaaznn
1e245294G

31287094
€5¢153CA8
2ueC9BNCYG
244518474

Qe 750800
OeHS53500
7¢921400
1475300

De7N2000
Q. &£7B0N0
le4 34400
2 359900

Ne 465400
DeS51N100
Ne%611°C0
1« 501499

-Neg 9375509
=2¢277699
12473299
3267999

2Re 7274913
284237490
23193588
22,2793

Segment 1853--Class Statistics (Cont.)



COVARTANCE MATRIX FOR CLASS S

PASS 1

15152170
1« 211409
NeB267NN
1edaC8NnN

PASS 2

Qed98eNC
Ne 32E€E4nN
Ne @ IAKAC
Del2é& 340N

PASS 3

OeAN 1400
DeYagann
NeNGANKHEON
OeNCELIND

PASS a

14575000
1824890
Ne19570r
-Ned474300

MEAN VFCTOR

29.40929¢6%
20844817999
22169591
cle 3906A8F

le 211466
2477500
NeB81730C
ls115200

Ce 32FEaN0
0e ASSBOC
Te@43AN0
Ne3%91ADO

MNe J4aanre
1« 0193100
Ne2rs51300
Ce2arcroOn

le824R00
2¢771000
Ce N2R90N
-“Ce 751800

FOF CLASS

cTeHC 249N
2Ne 7H2MGQ2
2R« A4CY6GA
1G4 32F 291

n

NDeBZETON
Ne P 7300
1e599009
1e 420390

fedalEBNN
Neda2900
1:177699
NeS6GEHONN

NeNGOENN
0e 205 36N
NeSGT7THNN
Nedr 03NN

Cel95709
De 289NN
lel1G639
Ne90 3770

29.1612AR5
23eH7454K8
250N6293
254076392

1040500
1¢115200
14292300
2¢565700

Ne243400
Cs«+391800
De 568000
1.C09800

NDeMNB1INN
0e?4Nn000
Qe b0 3INOD
1.754899

-0,474300
=0e7%1892%90
0. 963700
242930939

27121597
23.523193
25« R7988
25217285

Segment 1853--Class Statistics (Cont.)



COVARTANCE MATKIX FOR CLASS 1

PASS 1

1330299
1s41 430N
Q0e9506ACO
1e1025%%

PASS 2

1«2C0AK00
1¢ 329900
NeS5723CO
-0.006100

PASS 3

2477799
3e2H9799
O0e578B4NN
=1¢19570N

PasSsS a

3459100
44353796
1476513170
-1458N299

MEAN VECTOFR

INeNTIACIA
21e 073190
192455488
17« 742539

le 41 4300
1.07A59%
2e 0 29917C
2e0ag999q

1« 329900
3¢ 55RRIN
Ce 261100
=Ce 718100

Je 2L 799
Se a4C 23700
1e02Ca99
“le Pa6AGTI

aaB62T739
TeT1IR200
1e 679169
“2e8407100

FOF CLASS

124 422165
cleZ2338K7
17110962
16, 0921392

Te956R01
26 C2990N
24859599
20539199

D0e572300
Nedtl110n
1e92569%9
1e¢ 719000

Ne5784010
14022499
1538509
1e1E709)

leN693N0
1467%199
1¢45€¢100
Ne511500

30177292
2R KPEQG)
29242599
2F e G2RALYT

Segment 1854--Class Statistics

1«17 2699
24049999
2539399
3801990

-NgNCALICN
-NDs718100
1919000
Je 4665699

=-1¢175709
=-le BaKagg
1716700
3307699

-1.580299
=2¢407100
0511500
2+ 743799

32 3TR4RS
29« 4FHBCYa
3a, 31868937
30. 636292



COVARTANCE MATE IX FOR CLASS 2

PASS 1

Ce 945 30C
D«3BKAND
Ne 320280N
Ne 329600

PASS 2

NeST71507°
Ne23E2NN
Ce130HN0
0Ds064200

PASS 3

leN3ISAON
Ne93E2N00D
fel27an0
Nel72200

PASS a

Ne 691520
=1e25270"
-Ne18BT7TAHON

2¢735AN0"

MEAN VECTOR

275154197
23e 697369
25526199
224238785

Segment 1854--Class Statistics (Cont.)

Oe 3B8CADD
1«.8CB1C0
Ne 31986200
Ce 552400

fe23R30%
Ce 7RETOC
0.0NS5CO
=0es 16R€RD

feaG35200
2e 01 VEGQ
OeCE 200
re27HANC

=1e2527C0
13, 356795
2002799
= £3e 663193

FOR CLASS

c%“e 433197
cSe INENQT
2B S0 ES91
£3e 41 BS00

Ne 328500
0«395K000
1« 364500
1017699

Ne13rARON
Ce0CS5N0
16556499
2577200

Nel27400
NeN 620D
1eDBHNGY
NagB372N0N

=7:18780°7°
2e0C 3799
1¢5N8599
-2e8064 99

2ReJAFRF2
2546299
2HeaN®E G
234375700

0e 329F00
0« 53400
12717699
1521099

Qe NBA2N0
-0s16PET0
€e 577200
a4, 192400

Cel 72200
Ne2764N0D
N £37200
NeG€13N0

24 735607
=23.663193
~2e 466499
45, G57787

€fe 171188
23649788
27479385
23.6%4885



COVARIANCE MATRIX FOR CLASS 13

PASS 1

2« 72300N
Jelllson
2¢577399
20489297

PASS 2

1«70 3599
161470
1¢ 345794
1.052a0n

PASS 73

Se 324599
10e6529G00
Ce 98ROCAN
=28%5%92730C

PASS a

3. 621270
Q4e€E57396
1515K6600
Ne 332200

Je 1116720
Ee 0B299G
4,4217C0
A, a0Cay5

1e514700C
3., 470400
1e66R400
1« 2228099

1Gs 605500
20 e G40 TYE
1678920
=5 83000C

a4, 6571399
6s RE54G0G
le8B443200
Ne 15 SCO

MFAN VFCTOR FOR CLASS

31e5932€A
284555481
24,02975°¢
17473737

Segment 1854--Class Statistics (Cont.)

2S¢ 4% ERRH
£Te10578%
244 T2 7RSN
14, 358166

i

20577299
4,431707
Se172500
baa56N4¢C9

14345795
1e£68a00
1813600
06997500

De SARCOD
1leA78300
14482209
NTe 54500

1e%1€£00
1eBaB20D
3« 145300
le1EEN9Y9

T4e717GHKH
27e42461A5
224572388
MMe72C795

24459200
4,400499
4,56M7499
S5¢ 559600

1.C 52400
1¢222A99
0e 997500
1« 298400

=24 592300
-S5-830000
NeBS5459%0
4,¢ 151120

De 382200
0e1 50500
2186099
4.9007399

314526993
2S¢ 333196
34,452787
26« 59490



COCVARI ANCE MATRIX FOR CLASS a

Pass 1

1357400
1.18559¢
Ne 914200
NeB159N0

PASS 2

1.072000
NeS578500
0850399
Ne752700

PASS 3

Ne764AKIC
NeS5741170
Nedba1n0C
Ned49E4NC

PASS &

105140
1375169
=0e NANENN
=-0g8970CC

MEAN VFCTOFR

262274673
23478€28R
22683930
£2¢N015F7

Segment 1854--Class Statistics (Cont.)

14135569
De 5447269
16210796
De5925700

Qe 578590
142254809
Ne 764700
Ne 726100

NeS74100
1¢257£00
feall130cC
D¢ £38R900

le 275199
3,01100nN
=Ned5C0ONN
=2.097099

FOF CLASS

1.833289
44 ESF N 3R
8¢ ESLARR
24.02EBBS

Ne31 4809
1¢210°799
1¢£27100
De 98900

CeASN 3NN
QeTE4TON
leBEr199
1538890

0ed4ra100
Deda31 00
1180067
1 15900

=Ne 0GCHEND
=-NeaSCNOD
Ve IENGON
1150799

31118895
c5er 9837
24435285
23e41%54937

NeB 15900
0925709
Ne 969900
le 598499

Oe 752700
Ce 726100
1« 35500
2e 524899

De49eano
Ce5218390
1 215900
1¢586300

-Ne B7000
=2e¢0570G9
1157799
Je1N3299

2%9e.4/0388
24217190
2t l1a2tr8
21e90172338



COVARIANCE MATRIX FOR CLASS S

PASS 1

1+€5) 2¢0
13178040
CeBIAQCNH
el 20800

PASS 2

NDe535700
NDe 35C 20N
Neda7070N
Oe26100C

PASS 3

Ne6IB7HC
Celealnr
CeNa3nnn
0206500

PASS a

1537700
le6765£0N0
Qel17999n
=-Ne 435100

MEAN VECTOR

27533192
21e8426R9
21518599
2Ne2347FS

1« 217800
co EBSH9G
FreBRI0CH
1. 21 3600

Ce 3503CH
Ne 22187 0C
Ne 875500
Ce 819600

Ce36aicCcn
1eC7ATQQ
Fe 2l /K900
Ce25350N

1e 6TEEND
2549396
feP26£N00
=Ce £922NC

FOk CLASS

25« 7TE1 MGG
éfe 2521294
iMe 351 70C
1R, 36HB2A%

Ne HORINND
T"e BB7009
1a724F 973
1e 526800

Qe 7CT7H0O
Reda75%n0
16201299
Ne&NACAN

Ne 042000
fe216909
Oeb222N00
QeaBEALO

Del7a50N
Ne "N26600
1030399
Ne 915000

4]

2Re90CAaTAHS
234975R9A
254 287564
23912185

1« 1 30600
1¢213300
1e 539800
2¢ 7795900

Ne 261000
NeawlCenn
De £N0RBNOND
1« )BNA00D

Ce 006500
04253500
0+486600
le112499

=0e 436101
=NehC22C0
Ne 315019
2112990

27.7R836G6
234 754Gy
26e 178085
2841512%2

Segment 1854--Class Statistics (Cont.)



36

REFERENCES

P. A. Devijver, On a new class of bounds on Bayes risk in multi-
hypo%hesis pattern recognition, IEEE Trans. on Computers, Vol. C-23,
no. 1, Jan., 1974,

R. Kauth and G. Thomas, The tasseled cap-~a graphic description of
the spectral and temporal development of agricultural crops as seen
by LANDSAT, Proceedings of the Purdue:lLars Symposium on machine
processing of remotely sensed data, June 29-July 1, 1976.

R. E. Qliver, Description of simulated LACIE segments 1851-1854, IBM
internal memorandum, May 5, 1976.

B. C. Peters and H. Walker, An fterative procedure for obtaining
maximum 1ikelihood estimates of the parameters for a mixture of
normal distributions, preprint.

S. G. Wheeler, P. N. Misra, and Q. A. Holmes, Linear dimensionality
of LANDSAT agricultural data with implications for classification,
Proceedings of the Purdue:LARS Sympsoium on machine processing

of remotely sensed data, June 29-July 1, 1976.





